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Quantum computation in semiconductor quantum dots of electron-spin asymmetric
anisotropic exchange
Xiang Hao and Shiqun Zhu∗
School of Physical Science and Technology, Suzhou University,
Suzhou, Jiangsu 215006, People’s Republic of China
The universal quantum computation is obtained when there exists asymmetric anisotropic ex-
change between electron spins in coupled semiconductor quantum dots. The asymmetric Heisenberg
model can be transformed into the isotropic model through the control of two local unitary rotations
for the realization of essential quantum gates. The rotations on each qubit are symmetrical and
depend on the strength and orientation of asymmetric exchange. The implementation of the axially
symmetric local magnetic fields can assist the construction of quantum logic gates in anisotropic
coupled quantum dots. This proposal can efficiently use each physical electron spin as a logical
qubit in the universal quantum computation.
PACS: 03.67.Lx, 71.70.Ej, 73.21.La
I. INTRODUCTION
The electron or nuclear spins in quantum dots are usu-
ally regarded as important candidates for qubits in quan-
tum information because of their long decoherence times
[1, 2, 3]. It is shown that any universal quantum compu-
tation can be implemented by a series of arbitrary single-
qubit rotations and controlled-NOT gate [4]. The recent
experiment demonstrates the feasibility of coherent con-
trol of single-qubit gates by the short bursts of oscillating
magnetic fields [5]. In many spin-based quantum com-
putation schemes, isotropic Heisenberg interactions are
dominant since the symmetric Hamiltonian conserves the
total spin. However, the general spin-orbit couplings ac-
tually exist in quantum dots. The anisotropic interaction
between electrons in conduction band is very typical in
solids [6, 7, 8, 9]. This coupling can show the Dressel-
haus form for the bulk inversion asymmetry [10]. The
heterostructure asymmetry can also induce the Rashba
coupling [11]. These two couplings can bring out the
asymmetric anisotropic Dzyaloshinskii-Moriya (DM) in-
teraction [12, 13]. Unlike the isotropic exchange, the
asymmetric spin-orbit coupling can greatly reduce the
gate fidelity which cannot be neglected in quantum in-
formation processing [14, 15, 16, 17, 18]. To eliminate
the impacts of these asymmetric anisotropic couplings,
some useful methods of universal quantum computation
were used by means of encoding a logical qubit into more
physical spins [19, 20, 21, 22]. These encoding schemes
will unavoidably waste many resources of physical quan-
tum spins.
In this paper, a method based on the control of sym-
metric single-qubit rotations in semiconductor quantum
dots is proposed. The Hamiltonian of coupled elec-
tron spins with asymmetric anisotropic exchange and the
transformation method are presented in Sec. II. In Sec.
III, the perfect two-qubit gates are realized by the lo-
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cal unitary operations in the new Hilbert spin space. A
discussion concludes the paper.
II. ASYMMETRIC ANISOTROPIC SPIN
COUPLING MODEL
The recent work presented the microscopic description
of the interaction between electron spins in two coupled
semiconductor quantum dots [9]. Different from the ex-
change of electrons in conduction band, the asymmetric
coupling arises from the Coulomb interaction and from
the conduction-valance band mixing. In the twisted spin
representation [11], the Hamiltonian of the two asymmet-
ric coupled spins ~S1 and ~S2 can be expressed by [9]
H = HS +HA +HDM (1)
where HS = J cosω~S1 · ~S2 represents the symmet-
ric isotropic Heisenberg interaction. The term of
HA = 2J(sin
ω
2 )
2(~n · ~S1)(~n · ~S2) denotes the symmet-
ric anisotropic interaction. The last term HDM is the
main part of asymmetric anisotropic exchange in the
Dzyaloshinskii-Moriya form of HDM = J sinω[~n · (~S1 ×
~S2)]. The parameter J is the isotropic Heisenberg ex-
change constant, ~n = ~b/|~b| is the orientation of the asym-
metric anisotropic exchange ~b. The inherent parameter
ω = arctan(|~b|/J). The asymmetric anisotropic exchange
~b depends on the separation distance and the orientation
between two coupled quantum dots [9]. It is found that
the error of the gate from the asymmetric anisotropic ex-
change~b is far beyond the limit of fault tolerant quantum
computation 10−6 [23, 24, 25]. Therefore, it is necessary
to investigate the method to eliminate the effects of the
asymmetric exchange.
By diagonalization of the Hamiltonian H , the asym-
metric form can be rotated into the isotropic one H0 in
the new spin Hilbert space with
H0 = THT
† (2)
2where T is the unitary rotation. The new spin space
can be expanded by {T |00〉, T |01〉, T |10〉, T |11〉} where
|i〉, (i = 0, 1) is the single-qubit basis of spin operator Sz
with the corresponding eigenvalues ±~/2. The definite
form of unitary rotation T takes a key part in the fol-
lowing scheme of quantum computation. Without losing
the generality, two typical kinds of asymmetric exchange
orientations of ~nxy = cos θ~ex + sin θ~ey and ~nz = ~ez are
considered.
In the case of ~nxy, the four eigenstates of the Hamil-
tonian H can be written as
|ϕ1〉 = |ψ+〉 (3)
|ϕ2〉 = 1√
2
[(sin θ + cos θ cos
ω
2
)|φ−〉+ i(cos θ − sin θ cos ω
2
)|φ+〉 − i sin ω
2
|ψ−〉]
|ϕ3〉 = 1√
2
[(cos θ + sin θ cos
ω
2
)|φ+〉 − i(sin θ − cos θ cos ω
2
)|φ−〉+ sin ω
2
|ψ−〉]
|ϕ4〉 = −i cos θ sin ω
2
|φ−〉 − sin θ sin ω
2
|φ+〉+ cos ω
2
|ψ−〉
Here the states |ψ±〉 = 1√
2
(|01〉 ± |10〉) and |φ±〉 =
1√
2
(|00〉 ± |11〉) are the four Bell states in the space of
{|00〉, |01〉, |10〉, |11〉}. Meanwhile, the four Bell states
are the eigenstates of the isotropic Heisenberg exchange
Hamiltonian H0. By means of the representation trans-
formation, the unitary rotation Txy can be given in the
space of {|00〉, |01〉, |10〉, |11〉} with
Txy(ω, θ) =


(cos ω4 )
2ei(θ−
pi
4
) cos ω4 sin
ω
4 e
ipi
4 − cos ω4 sin ω4 ei
pi
4 (sin ω4 )
2e−i(θ+
pi
4
)
cos ω4 sin
ω
4 e
i(θ+pi
2
) (cos ω4 )
2 (sin ω4 )
2 cos ω4 sin
ω
4 e
−i(θ+pi
2
)
cos ω4 sin
ω
4 e
i(θ−pi
2
) (sin ω4 )
2 (cos ω4 )
2 cos ω4 sin
ω
4 e
−i(θ−pi
2
)
(sin ω4 )
2ei(θ+
pi
4
) cos ω4 sin
ω
4 e
−ipi
4 − cos ω4 sin ω4 e−i
pi
4 (cos ω4 )
2e−i(θ−
pi
4
)

 (4)
Similarly, the four eigenstates of the Hamiltonian with
the orientation ~nz can be expressed as
|ϕ1〉 = |φ−〉 (5)
|ϕ2〉 = |φ+〉
|ϕ3〉 = 1√
1 + (tan ω2 )
2
(|ψ+〉+ i tan ω
2
|ψ−〉)
|ϕ4〉 = 1√
1 + (tan ω2 )
2
(|ψ−〉+ i tan ω
2
|ψ+〉)
The definite form of the unitary operation Tz in the space
of {|00〉, |01〉, |10〉, |11〉} can also be obtained by the rep-
resentation transformation
Tz(ω, θ) =


1 0 0 0
0 e−i
ω
2 0 0
0 0 ei
ω
2 0
0 0 0 1

 (6)
It is clear that the unitary operations T depend only
on the orientation of asymmetric anisotropic exchange
~n and the strength ratio of the asymmetric exchange to
the isotropic constant |~b|/J . This means that one kind
of inherent quantum-dots structures can determine the
corresponding kind of unitary operation form T . After
the operation of T , the asymmetric anisotropic term will
be eliminated in the Hamiltonian. In the new spin space,
the new form of the Hamiltonian takes on the isotropic
Heisenberg interaction of H0 = J ~S′1 · ~S′2 where the new
spin operator can be expressed by ~S′ = T ~ST †. The
method to apply the unitary operation is one essential
aspect in the quantum-dots quantum computation.
III. REALIZATION OF UNIVERSAL
QUANTUM LOGICAL GATES
Before further discussions, the major property of the
unitary operation T needs to be investigated. It is found
that the entanglement of the thermal state ρ(H) keeps
the same as that of ρ(H0). Since the entanglement of the
states cannot be varied when the states are transformed
by unitary local rotations, the two-qubit operation T can
be expressed by the direct product of two unitary local
3rotations T = U1 ⊗ U2. Recent experiment implies that
arbitrary single-qubit rotations can be implemented in
quantum dots [5]. After the operation of T †, the two-
qubit evolution operator can be expressed by
U(t) = exp{−i
∫ t
0
H(t′)dt′}T † (7)
When the evolution operator U(t) is applied to the initial
quantum state |Ψ(0)〉 for a period of time τ , the interme-
diate state can be written by U(τ)|Ψ(0)〉. If the unitary
rotation T is then employed, the whole quantum state
can be obtained by
|Ψ(t)〉 = T exp{−i
∫ t
0
H(t′)dt′}T †|Ψ(0)〉 (8)
Meanwhile, Eq. (8) can also be expressed as |Ψ(t)〉 =
exp{−i ∫ t0 TH(t′)T †dt′}|Ψ(0)〉 = exp{−i
∫ t
0 H0(t
′)dt′}.
Thus, when the evolution time satisfies
∫ τs
0
Jdt′ = Jτs =
π(mod 2π), one can obtain the swap quantum gate Usw
which just exchanges the quantum states between two
electron spins [1]. Moreover, with the help of single-
qubit gate sequence, the controlled-NOT gate can be con-
structed by ei
pi
2
Sz
1 e−i
pi
2
Sz
2U1/2sw eipiSz1U1/2sw where the square-
root of the swap gate U1/2sw corresponds to the half evo-
lution time τs2 of the operator U .
It is important how to apply this unitary transforma-
tion T . It is known that the operation T can be decom-
posed by two local unitary rotations U1 and U2. Arbi-
trary unitary operation at qubit i can be written as [26]
Ui = Φi(δ)R
z
i (α)R
y
i (γ)R
z
i (β) (9)
where Φi(δ) = e
iδI is the phase shift with respect to the
angle δ, Rzi (α) = e
iαSzi represents the rotation by the
angle α about the z-axis and Ryi (β) = e
iβSy
i is that by
the angle β about the y-axis. It is found that the unitary
rotation T can be given by single-qubit rotations as a
function of the orientation and the relative strength of
the asymmetric exchange. For the two cases of ~nxy and
~nz, one has
Txy = R
z
1(−
3π
4
)Ry1(
ω
2
)Rz1(θ +
π
2
) (10)
⊗ Rz1(
π
4
)Ry1(
ω
2
)Rz1(θ −
π
2
)
Tz = R
z
1(−
ω
2
)⊗Rz2(
ω
2
)
This equation demonstrates that the special unitary op-
eration T is accomplished by two local axis-symmetrical
rotations. Therefore, if the unitary rotation T is operated
in the sequence of THT †, the asymmetric anisotropic
exchange can be rotated into the isotropic Heisenberg
model with the same coupling J .
From Eq. (10), It is clear that these local rotations
depend critically on the values of the parameters ω and
θ. The fidelity of one gate can be expressed by
F = Tr[U †U0]/T r[U
†
0U0] (11)
where U0(ω0, θ0) is the perfect operation without vari-
ations and U(ω, θ) is the one with small variations of
∆ω = ω−ω0 and ∆θ = θ−θ0. The fidelity F of swap gate
Usw and the gate errors ε are calculated and plotted in
Fig. 1 in dimensionless unit. The fidelity F is plotted in
Fig. 1(a). It is seen that the gate fidelity decreases when
the variations |∆ω|/ω0 and |∆θ|/θ0 increase. The gate er-
ror ε = 1−F is shown in Fig. 1(b). The order of the gate
errors induced by the asymmetric anisotropic exchange
is about 5× 10−6 → 10−5 which is much higher than the
limit of fault tolerant quantum computation 10−6. Even
when |∆θ|/θ0 is varied from 0.1 to 0.01, the errors cannot
be reduced and the curves cannot be distinguished. By
means of local single-qubit operations Txy(ω0, θ0) given
by Eq. (10), the order of gate errors can be reduced to
about 10−7 which is much smaller than 10−6. The error
is reduced from 5× 10−7 → 10−8 when |∆θ|/θ0 is varied
from 0.1 to 0.01. This means that the method in this pa-
per is feasible with the small variations of the asymmetric
anisotropic exchanges.
If there are external magnetic fields, the general Hamil-
tonian in the inhomogeneous fields can be expressed as
HB = H + ( ~B1 · ~S1 + ~B2 · ~S2) (12)
It is known that the isotropic Heisenberg interaction in
the uniform magnetic field can be regarded as one use-
ful model for the universal quantum computation [27].
The Hamiltonian H in Eq. (12) can be rotated into the
isotropic one by the operation of THT †. The condition
of what kind of the inhomogeneous fields can be trans-
formed in the same sequence of T ( ~B1 · ~S1 + ~B2 · ~S2)T † =
B(Sz1 + S
z
2 ) needs to be investigated. It is demonstrated
the axially symmetric magnetic fields with the same
strength satisfy this condition. For the case of ~nxy, the
previous inhomogeneous fields on two qubits need to be
applied in the form of
~B1 = −B sin ω
2
(sin θ~ex − cos θ~ey − cot ω
2
~ez) (13)
~B2 = B sin
ω
2
(sin θ~ex − cos θ~ey + cot ω
2
~ez)
Similarly, when the orientation of the asymmetric ex-
change ~nz = ~ez, the magnetic fields on two qubits satisfy
~B1 = ~B2 = B~ez. Therefore, after the certain period of
time τs2 , the phase-shifted swap action can be constructed
Upsw (a1|0〉+ b1|1〉)i ⊗ (a2|0〉+ b2|1〉)i+1 (14)
= (a2e
1
2
gµBBτs |0〉+ b2|1〉)i ⊗ (a1|0〉+ b1|1〉)i+1
The controlled-NOT gate can be realized by the phase-
shifted swap gate and single-qubit rotations [27].
IV. DISCUSSION
It is found that the asymmetric interactions can be
transformed into the isotropic Heisenberg model after the
4operation of local symmetric rotations U1⊗U2. The local
operations on each qubit are determined by the orienta-
tion and the relative strength of asymmetric exchange
to the isotropic constant. The gate fidelity is decreased
when the small variations of the asymmetric anisotropy
increase. When the asymmetric anisotropy is eliminated
by the transformation, the order of gate errors is reduced
to about 10−8 which is much smaller than the limit of
fault tolerant quantum computation. Some special in-
homogeneous magnetic fields can also contribute to the
realization of quantum logic gates. The proposal can uti-
lize each physical electron spin as a logical qubit without
encoding many spins.
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Fig. 1 (a). The fidelity of swap gate is plotted
with small variations of the asymmetric anisotropy when
tanω0 = 5 × 10−3 [9] and θ0 = 5π/6 radius; (b). The
gate error log10 ε is plotted when ∆θ/θ0 = 0.1, 0.01. The
dotted line denotes the limit of fault tolerate quantum
computation. The two solid lines above the dotted line
are the gate errors induced by ~b. However, they are not
distinguishable. The two lines below the dotted line are
the errors induced by performing unitary local rotations
Txy(ω0, θ0) with ∆θ/θ0 = 0.1, 0.01 (from upper to lower).
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